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Abstract
In arXiv:1003.4694, we proposed two models of M-theory, Hermitian 3-algebra model
and Lie 3-algebra model. In this paper, we study the Lie 3-algebra model with a
Lorentzian Lie 3-algebra. This model is ghost-free despite the Lorentzian 3-algebra.
We show that our model satisfies two criteria as a model of M-theory. First, we show
that the model possesses N = 1 supersymmetry in eleven dimensions. Second, we
show the model reduces to BFSS matrix theory with finite size matrices in a DLCQ
limit.
1 e-mail address : msato@cc.hirosaki-u.ac.jp
1 Introduction
BFSS matrix theory [1] is one of the strong candidates of non-perturbative definition of
superstring theory. It is conjectured to describe infinite momentum frame (IMF) limit of
M-theory and many evidences were found. Because only D0-branes in type IIA superstring
theory survive in this limit, BFSS matrix theory is defined by the one-dimensional maximally
supersymmetric Yang-Mills theory. Since the theory is a gauge theory, a matrix represen-
tation is allowed and dynamics of a many-body system can be described by using diagonal
blocks of matrices. However, it seems impossible to derive full dynamics of M-theory from
BFSS matrix theory because it treats D0-branes as fundamental degrees of freedom. For
example, we do not know the manner to describe longitudinal momentum transfer of D0-
branes. Therefore, we need a matrix model that treats membranes as fundamental degrees
of freedom in order to derive full dynamics of M-theory.
IIB matrix model [2] is also one of the strong candidates of non-perturbative definition
of superstring theory. It starts with the Green-Schwartz type IIB superstring action in order
to treat strings themselves as fundamental degrees of freedom. If we fix the κ symmetry to
Schild gauge θ1 = θ2, the action reduces to that of the zero-dimensional maximal supersym-
metric Yang-Mills theory with area preserving diffeomorphism (APD) symmetry. Since the
resultant action is a gauge theory, it describes dynamics of many-body systems. IIB matrix
model is defined by replacing the APD algebra with u(N) Lie algebra in the action.
In paper [3], we obtained matrix models of M-theory in an analogous way to obtain
IIB matrix model. We started with the Green-Schwartz supermembrane action in order to
obtain matrix models of M-theory that treat membranes themselves as fundamental degrees
of freedom. We showed, by using an approximation, that the action reduces to that of a zero-
dimensional gauge theory with volume preserving diffeomorphism (VPD) symmetry [4, 5] if
we fix the κ symmetry of the action to a semi-light-cone gauge, Γ012Ψ = Ψ. We proposed
two 3-algebra models of M-theory which are defined by replacing VPD algebra with finite-
dimensional 3-algebras in the action. Because the 3-algebra models are gauge theories, they
are expected to describe dynamics of many-body systems as in the other matrix models.
One of the two models is based on Hermitian 3-algebra [6–9] (Hermitian 3-algebra model),
whereas the another is based on Lie 3-algebra [10–22] (Lie 3-algebra model). The Hermitian
3-algebra model with u(N)⊕ u(N) symmetry was shown to reduce to BFSS matrix theory
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with finite size matrices when a DLCQ limit is taken in [3]. A supersymmetric deformation
of the Lie 3-algebra model with the A4 algebra was investigated by adding mass and flux
terms in [23].
In this paper, we study the Lie 3-algebra model with a Lorentzian Lie 3-algebra. We
show that this model satisfies two criterion as a model of M-theory. In section two, we show
that the model possesses N = 1 supersymmetry in eleven dimensions. In section three, we
show the model reduces to BFSS matrix theory with finite size matrices in a DLCQ limit as
it should do: it is generally shown that M-theory reduces to such BFSS matrix theory in a
DLCQ limit [24–27].
2 N = 1 Supersymmetry Algebra in Eleven Dimensions
In [3], we proposed the Lie 3-algebra model of M-theory, whose action is given by
S0 =
〈
− 1
12
[XI , XJ , XK ]2 − 1
2
(Aµab[T
a, T b, XI ])2
−1
3
EµνλAµabAνcdAλef [T
a, T c, T d][T b, T e, T f ]
− i
2
Ψ¯ΓµAµab[T
a, T b,Ψ] +
i
4
Ψ¯ΓIJ [X
I , XJ ,Ψ]
〉
. (2.1)
The fields are spanned by Lie 3-algebra T a as XI = XIaT
a, Ψ = ΨaT
a and Aµ = AµabT
a⊗T b,
where I = 3, · · · , 10 and µ = 0, 1, 2. <> represents a metric for the 3-algebra. Ψ is a
Majorana spinor of SO(1,10) that satisfies Γ012Ψ = Ψ. E
µνλ is a Levi-Civita symbol in three-
dimensions. In this section, we will show that this action possesses N = 1 supersymmetry
in eleven-dimensions.
The action is invariant under 16 dynamical supersymmetry transformations,
δXI = iǫ¯ΓIΨ
δAµab[T
a, T b, ] = iǫ¯ΓµΓI [X
I ,Ψ, ]
δΨ = −Aµab[T a, T b, XI ]ΓµΓIǫ− 1
6
[XI , XJ , XK ]ΓIJKǫ, (2.2)
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where Γ012ǫ = −ǫ. These supersymmetries close into gauge transformations on-shell,
[δ1, δ2]X
I = Λcd[T
c, T d, XI ]
[δ1, δ2]Aµab[T
a, T b, ] = Λab[T
a, T b, Aµcd[T
c, T d, ]]− Aµab[T a, T b,Λcd[T c, T d, ]] + 2iǫ¯2Γνǫ1OAµν
[δ1, δ2]Ψ = Λcd[T
c, T d,Ψ] + (iǫ¯2Γ
µǫ1Γµ − i
4
ǫ¯2Γ
KLǫ1ΓKL)O
Ψ, (2.3)
where gauge parameters are given by Λab = 2iǫ¯2Γ
µǫ1Aµab − iǫ¯2ΓJKǫ1XJaXKb . OAµν = 0 and
OΨ = 0 are equations of motions of Aµν and Ψ, respectively, where
OAµν = Aµab[T
a, T b, Aνcd[T
c, T d, ]]− Aνab[T a, T b, Aµcd[T c, T d, ]]
+Eµνλ(−[XI , Aλab[T a, T b, XI ], ] +
i
2
[Ψ¯,ΓλΨ, ])
OΨ = −ΓµAµab[T a, T b,Ψ] + 1
2
ΓIJ [X
I , XJ ,Ψ]. (2.4)
(2.3) implies that a commutation relation between the dynamical supersymmetry transfor-
mations is
δ2δ1 − δ1δ2 = 0, (2.5)
up to the equations of motions and the gauge transformations.
Lie 3-algebra with an invariant metric is classified into four-dimensional Euclidean A4
algebra and Lie 3-algebras with indefinite metrics in [16–18, 28, 29]. We do not choose A4
algebra because its degrees of freedom are just four. We need an algebra with arbitrary
dimensions N, which is taken to infinity to define M-theory. Here we choose the most simple
indefinite metric Lie 3-algebra, so called Lorentzian Lie 3-algebra associated with u(N) Lie
algebra,
[T−1, T a, T b] = 0
[T 0, T i, T j] = [T i, T j] = f ij kT
k
[T i, T j, T k] = f ijkT−1, (2.6)
where a = −1, 0, i (i = 1, · · · , N2). T i are generators of u(N). A metric is defined by a
symmetric bilinear form,
< T−1, T 0 > = −1 (2.7)
< T i, T j > = hij, (2.8)
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and the other components are 0. The action is decomposed as
S = Tr(−1
4
(xK0 )
2[xI , xJ ]2 +
1
2
(xI0[xI , x
J ])2 − 1
2
(xI0bµ + [aµ, x
I ])2 − 1
2
Eµνλbµ[aν , aλ]
+iψ¯0Γ
µbµψ − i
2
ψ¯Γµ[aµ, ψ] +
i
2
xI0ψ¯ΓIJ [x
J , ψ]− i
2
ψ¯0ΓIJ [x
I , xJ ]ψ), (2.9)
where we have renamed XI0 → xI0, XIi T i → xI , Ψ0 → ψ0, ΨiT i → ψ, 2Aµ0iT i → aµ, and
Aµij [T
i, T j] → bµ. In this action, T−1 mode; XI−1, Ψ−1 or Aµ−1a does not appear, that is
they are unphysical modes. Therefore, the indefinite part of the metric (2.7) does not exist
in the action and our model is ghost-free like a model in [30]. This action can be obtained
by a dimensional reduction of the three-dimensional N = 8 BLG model [13–15] with the
same 3-algebra. The BLG model possesses a ghost mode because of its kinetic terms with
indefinite signature. On the other hand, our model does not possess a kinetic term because
it is defined as a zero-dimensional field theory like IIB matrix model [2].
This action is invariant under the translation
δxI = ηI , δaµ = ηµ, (2.10)
where ηI and ηµ belong to u(1). This implies that eigen values of xI and aµ represent an
eleven-dimensional space-time.
The action is also invariant under 16 kinematical supersymmetry transformations
δ˜ψ = ǫ˜, (2.11)
and the other fields are not transformed. ǫ˜ belong to u(1) and satisfy Γ012ǫ˜ = ǫ˜. ǫ˜ and ǫ should
come from 16 components of 32 N = 1 supersymmetry parameters in eleven dimensions,
corresponding to eigen values ±1 of Γ012, respectively, as in the case of the semi-light-
cone supermembrane. Its target-space N = 1 supersymmetry consists of remaining 16
target-space supersymmetries and transmuted 16 κ-symmetries in the semi-light-cone gauge,
Γ012Ψ = Ψ [3,31, 32].
A commutation relation between the kinematical supersymmetry transformations is given
by
δ˜2δ˜1 − δ˜1δ˜2 = 0. (2.12)
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The 16 dynamical supersymmetry transformations (2.2) are decomposed as
δxI = iǫ¯ΓIψ
δxI0 = iǫ¯Γ
Iψ0
δxI−1 = iǫ¯Γ
Iψ−1
δψ = −(bµxI0 + [aµ, xI ])ΓµΓIǫ−
1
2
xI0[x
J , xK ]ΓIJKǫ
δψ0 = 0
δψ−1 = −Tr(bµxI)ΓµΓIǫ− 1
6
Tr([xI , xJ ]xK)ΓIJKǫ
δaµ = iǫ¯ΓµΓI(x
I
0ψ − ψ0xI)
δbµ = iǫ¯ΓµΓI [x
I , ψ]
δAµ−1i = iǫ¯ΓµΓI
1
2
(xI−1ψi − ψ−1xIi )
δAµ−10 = iǫ¯ΓµΓI
1
2
(xI−1ψ0 − ψ−1xI0), (2.13)
and thus a commutator of dynamical supersymmetry transformations and kinematical ones
acts as
(δ˜2δ1 − δ1δ˜2)xI = iǫ¯1ΓI ǫ˜2 ≡ ηI
(δ˜2δ1 − δ1δ˜2)aµ = iǫ¯1ΓµΓIxI0ǫ˜2 ≡ ηµ
(δ˜2δ1 − δ1δ˜2)Aµ−1iT i =
1
2
iǫ¯1Γ
µΓIx
I
−1ǫ˜2, (2.14)
where the commutator that acts on the other fields vanishes. Thus, the commutation relation
for physical modes is given by
δ˜2δ1 − δ1δ˜2 = δη, (2.15)
where δη is a translation.
If we change a basis of the supersymmetry transformations as
δ′ = δ + δ˜
δ˜′ = i(δ − δ˜), (2.16)
5
we obtain
δ′2δ
′
1 − δ′1δ′2 = δη
δ˜′2δ˜
′
1 − δ˜′1δ˜′2 = δη
δ˜′2δ
′
1 − δ′1δ˜′2 = 0. (2.17)
These 32 supersymmetry transformations are summarised as ∆ = (δ′, δ˜′) and (2.17) implies
the N = 1 supersymmetry algebra in eleven dimensions,
∆2∆1 −∆1∆2 = δη. (2.18)
3 DLCQ limit
In this section, we will take a DLCQ limit of our model and obtain BFSS matrix theory with
finite size matrices as desired.
First, we separate the auxiliary fields bµ from Aµ and define Xµ by
Aµ = Xµ + bµ. (3.1)
We identify space-time coordinate matrices by redefining matrices as follows. By rescaling
the eight matrices as
XI =
1
T
X ′I
Xµ = X ′µ, (3.2)
we adjust the scale of XI to that of Xµ. T is a real parameter. Next, we redefine fields so
as to keep the scale of nine matrices:
X ′p = X ′′p
X ′i = X ′′i
X ′0 =
1
T
X ′′0
X ′10 =
1
T
X ′′10 (3.3)
where p = 1, 2 and i = 3, · · · , 9. We also redefine the auxiliary fields as
bµ =
1
T 2
b′′′µ. (3.4)
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DLCQ limit of M-theory consists of a light-cone compactification, x− ≈ x−+2πR, where
x± = 1√
2
(x10±x0), and Lorentz boost in x10 direction with an infinite momentum. We define
light-cone coordinates as
X ′′0 =
1√
2
(X+ −X−)
X ′′10 =
1√
2
(X+ +X−) (3.5)
We treat b
′′′µ as scalars. A matrix compactification [33] on a circle with a radius R imposes
following conditions on X− and the other matrices Y , which represent X+, X
′′p, X
′′i, b
′′′µ,
and Ψ:
X− − (2πR)1 = U †X−U
Y = U †Y U, (3.6)
where U is a unitary matrix. After the compactification, we cannot redefine fields freely. A
solution to (3.6) is given by X− = X¯− + X˜−, Y = Y˜ and
U = U˜ ⊗ 1Lorentzian, (3.7)
where U(N) part is given by,
U˜ =


0 1 0
. . .
. . .
1
0 0

⊗ 1n×n. (3.8)
A background X¯− is
X¯− = −T 3x¯−0 T 0 − (2πR)diag(· · · , s− 1, s, s+ 1, · · · )⊗ 1n×n, (3.9)
and a fluctuation x˜ that represents u(N) parts of X˜− and Y˜ is


x˜(0) x˜(1) · · ·
x˜(−1) . . . . . .
...
. . . x˜(1)
x˜(−1) x˜(0)

 . (3.10)
Each x˜(s) is a n × n matrix, where s is an integer. That is, the (s, t)-th block is given by
x˜s,t = x˜(s− t).
7
We make a Fourier transformation,
x˜(s) =
1
2πR˜
∫ 2piR˜
0
dτx(τ)eis
τ
R˜ , (3.11)
where x(τ) is a n× n matrix in one-dimension and RR˜ = 2π. From (3.9), (3.10) and (3.11),
the following identities hold:
∑
t
x˜s,tx˜′t,u =
1
2πR˜
∫ 2piR˜
0
dτ x(τ)x′(τ)ei(s−u)
τ
R˜
tr(
∑
s,t
x˜s,tx˜′t,s) = V
1
2πR˜
∫ 2piR˜
0
dτ tr(x(τ)x′(τ))
[x¯−, x˜]s,t =
1
2πR˜
∫ 2piR˜
0
dτ ∂τx(τ)e
i(s−t) τ
R˜ , (3.12)
where tr is a trace over n× n matrices and V =∑s 1. We will use these identities later.
Next, let us boost the system in x10 direction:
X˜+ =
1
T
X˜ ′′′+
X˜− = TX˜ ′′′−
X˜ ′′p = X˜ ′′′p
X˜ ′′i = X˜ ′′′i. (3.13)
IMF limit is achieved when T → ∞. The second equation implies that X− = −T 3x¯−0 T 0 +
TX ′′′−, where X ′′′− = X¯ ′′′−+ X˜ ′′′− and X¯ ′′′− = −(2πR′)diag(· · · , s− 1, s, s+1, · · · )⊗ 1n×n.
R′ = 1
T
R goes to zero when T → ∞. To keep supersymmetry, the fermionic fields need to
behave as
Ψ =
1
T
Ψ′′′. (3.14)
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To summarize, relations between the original fields and the fixed fields when T →∞ are
a0 =
1√
2
(
1
T 2
x′′′+ − x′′′−)
ap = x′′′p
xi =
1
T
x′′′i
x10 =
1√
2
(
1
T 3
x′′′+ +
1
T
x′′′−)
xi0 =
1
T
x′′′i0
x100 =
1√
2
(
1
T 3
x′′′+0 +
1
T
x′′′−0 )−
1√
2
T x¯−0
bµ =
1
T 2
b′′′µ
ψ =
1
T
ψ′′′
ψ0 =
1
T
ψ′′′0 . (3.15)
By using these relations, equations of motion of the auxiliary fields bµ,
bµ =
1
(xI0)
2
(−xI0[aµ, xI ]−
1
2
Eµνλ[aν , aλ] + iψ¯0Γ
µψ) (3.16)
are rewritten as
b′′′0 = − 2
(x¯−0 )2
[x′′′1, x′′′2] +O(
1
T
)
b′′′1 = (−
√
2
(x¯−0 )2
[x′′′2, x′′′−] +
1
x¯−0
[x′′′1, x′′′−]) +O(
1
T
)
b′′′2 = (
√
2
(x¯−0 )2
[x′′′1, x′′′−] +
1
x¯−0
[x′′′2, x′′′−]) +O(
1
T
). (3.17)
If we substitute them and (3.15) to the action (2.9), we obtain
S =
1
T 2
Tr(
1
2(x¯−0 )2
[x′′′−, x′′′p]2 +
1
4
[x′′′−, x′′′i]2 − 1
2(x¯−0 )2
[x′′′p, x′′′q]2 − 1
2
[x′′′p, x′′′i]2 − (x¯
−
0 )
2
8
[x′′′i, x′′′j ]2
− i
2
√
2
ψ¯′′′Γ0[x′′′−, ψ′′′]− i
2
ψ¯′′′Γp[x′′′p , ψ
′′′]− i
2
√
2
x¯−0 ψ¯
′′′Γ10i[x
′′′i, ψ′′′]) +O(
1
T 3
). (3.18)
Therefore, the action reduces to
Sˆ =
1
T 2
Tr(
1
2(x¯−0 )2
[x′′′−, x′′′p]2 +
1
4
[x′′′−, x′′′i]2 − 1
2(x¯−0 )2
[x′′′p, x′′′q]2 − 1
2
[x′′′p, x′′′i]2 − (x¯
−
0 )
2
8
[x′′′i, x′′′j ]2
− i
2
√
2
ψ¯′′′Γ0[x′′′−, ψ′′′]− i
2
ψ¯′′′Γp[x′′′p , ψ
′′′]− i
2
√
2
x¯−0 ψ¯
′′′Γ10i[x
′′′i, ψ′′′]) (3.19)
9
in T →∞ limit. By redefining
x′′′i → 2
1
4
√
T√
x¯−0
x′′′i
x′′′p →
√
x¯−0 T
2
1
4
x′′′p
x′′′− → 2 14
√
x¯−0 Tx
′′′−
ψ′′′ → 2
1
8T
3
4
(x¯−0 )
1
4
ψ′′′, (3.20)
we obtain
S = Tr(
1
2
[x′′′−, x′′′I ]2− 1
4
[x′′′I , x′′′J ]2− i
2
ψ¯′′′Γ0[x′′′−, ψ′′′]− i
2
ψ¯′′′Γp[x′′′p , ψ
′′′]− i
2
ψ¯′′′Γ10i[x′′′i , ψ
′′′].
(3.21)
The background in x′′′− is modified, where 1√
T
R′ → R′. By using the identities (3.12), we
can rewrite (3.21) and obtain the action of BFSS matrix theory with finite n,
S =
∫ ∞
−∞
dτtr(
1
2
(D0x
I)2 − 1
4
[xI , xJ ]2 +
1
2
ψ¯Γ0D0ψ − i
2
ψ¯Γp[xp, ψ]− i
2
ψ¯Γ10i[xi, ψ]). (3.22)
We have used R˜′ =∞ because R′ → 0 when T →∞. In DLCQ limit of our model, we see
that X− disappears and X+ changes to τ as in the case of the light-cone gauge fixing of the
membrane theory.
The way to take DLCQ limit (3.2) - (3.15) is essentially the same as in the case of the
Hermitian model [3] because the limit realizes the ”novel Higgs mechanism” [34].
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